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Problem 1 – Forces between relativistic particles 

 

As seen in the lab frame S, a proton and electron travel in opposite directions parallel to the x-
axis. Each has a constant relativistic (i.e. not small relative to the speed of light c) speed v and 
they are separated by a perpendicular distance d in the y-direction. Define the primed frame S′ to 
be the frame in which the proton is at rest and the electron moves at a speed v′. Give your 
answers to this problem in terms of e, v, and d.  

 

 

 

 

 

 

 

 

 

 

(a) Compute the electric forces �⃗�𝐹𝑒𝑒 and �⃗�𝐹𝑝𝑝 felt by the electron and proton respectively in the 
lab frame S at the instant when both particles are on the y-axis. [2pts]  

(b) Find the electric forces �⃗�𝐹𝑒𝑒′ and �⃗�𝐹𝑝𝑝′ felt by the electron and proton respectively in S′ at the 
instant when both particles are on the y′-axis. [2pts] 

(c) Transform the force �⃗�𝐹𝑝𝑝′ [from part (b)] into frame S. Compute the difference with �⃗�𝐹𝑝𝑝 
[from part (a)] and obtain the magnetic force �⃗�𝐹𝑚𝑚 felt by the proton in S at this instant. 
[1pt]  
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Question 1

a) Recall the formula for the electric field of a moving charge:

E =
Q

r2
1− β2(

1− β2 sin2 θ
)3/2 r̂ (1)

Using this with (θ = 90◦), and F = qE, we get:

Fe =
−e2

d2
1√

1− β2
ŷ = −e

2γ

d2
ŷ (2)

Fp =
−e2

d2
1√

1− β2
(−ŷ) =

e2γ

d2
ŷ (3)

Not surprisingly, the electric forces are attractive in direction.

b) The field of the proton is simple in S′, just that of a point charge. Furthermore, since y is a
perpendicular direction, it is unchanged by the Lorentz transformation. Thus d = d′ and ŷ′ = ŷ.
Hence:

F′e = (−e) e

(d′)
2 ŷ
′ = − e

2

d2
ŷ (4)

The field of the electron is given by the equation for a moving charge, where addition of velocities gives:

β′ =
β + β

1 + ββ
=

2β

1 + β2
(5)

γ′ =
1√

1− β′2
=

1√
1−

(
2β

1+β2

)2 (6)

γ′ =
1√

(1+β2)2−4β2

(1+β2)2

=
1 + β2√

1− 2β2 + β4
(7)

γ′ =
1 + β2

1− β2
= γ2

(
1 + β2

)
(8)

Thus using the field of the moving charge, we find the force on the proton:

F′p =
−e2

(d′)
2

1√
1− β′2

(−ŷ′) (9)

F′p =
e2γ′

d2
ŷ =

e2γ2
(
1 + β2

)
d2

ŷ (10)

c) In the frame S, we can express the total force on the proton as a sum of electric and magnetic
components:

FT = F elec + F mag (11)

Fm = FT − Fp (12)

1
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Since the F′T is a perpendicular force, we use F⊥ = 1
γF
′
⊥ to get:

FT =
γ′e2

γd2
ŷ (13)

Putting these together gives:

Fm = FT − Fp (14)

Fm =
γ′e2

γd2
ŷ − γe2

d2
ŷ (15)

Fm =
e2

d2
ŷ

(
γ′

γ
− γ
)

(16)

Fm =
e2

d2
ŷ
(
γ
(
1 + β2

)
− γ
)

(17)

Fm =
γβ2e2

d2
ŷ (18)

The fact that the magnetic force is attractive can be understood by thinking about the electron and
proton as being wires, both of which carry current in the same direction (−x̂). Wires with like current
directions are attracted.

An alternative method to find Fm considers the frame S′′, the rest frame of the electron. This
frame moves with velocity βx̂. In this frame, it is easy to find E′′ at the proton, and the electron
generates no magnetic field so B′′ = 0 at the proton:

E′′ =
e

d2
ŷ (19)

Using the inverse field transformation equations, we can find B in S:

B‖ = B′′‖ = 0 (20)

B⊥ = γ (B′′⊥ + β × E′′⊥) (21)

B = B⊥ = γ(βx̂)×
( e
d2

ŷ
)

(22)

B =
γβe

d2
ẑ (23)

Next, we use the Lorentz force law to find the magnetic force on the proton:

Fm = qβ × B (24)

Fm = e(−βx̂)×
(
γβe

d2
ẑ

)
(25)

Fm =
γβ2e2

d2
ŷ (26)

Thus, either methods give the same answer.
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