
A spherical capacitor consisting of two concentric conductors centered on the 
origin has capacitance C. The region between the conductors is filled wit h a material 
v.ith electrical conducthity a. 

At t = O the capacitor is charged v.ith a total charge Qo on the iv..ner conductor 
and -Q0 on the outer conductor. 

(a) (2 points) Write an ex-pression for the current density f (r ) in t erms of Q0 and 
a. Use this expression to obtain an expression for the total current I . 

(b) (1 point) Use the result for I from part (a) and Ohm 's Law to obtain an 
ex-pression for the total resistance R between the two conductors in terms of a 
and C. 

(c) (1 point) Draw an equivalent circuit for the capacitor/ resistor combination. 

( d) (2 points) Wri te a differential equation for the charge on the capacitor. 

(e) (2 points) Solve for the charge on the capacitor as a function of time in terms 
of Q0 and a. 

(f) (1 point) Vvnat is the total energy deposited in the resistive material between 
the conductors, in terms of Q0 and C ? 

(g) (1 point) The energy deposited per unit volume \-a.Jies as a function of radius 
r between the _conductors. Derive an expression for the energy deposited per 
urut volume [ m terms of Q0 and the radial coordinate r. · 



A \Vlicatstone bridge is a device lo measure the resistance of an un.known resistor Fl, 
in terms of three known resistances: R1, R2 , and a variable resistor R3 . Such a device 
is shown in t he diagram below, to which you can refer in answering the following 
questions. 

b 

y 

, •) ( 2 points) What is the voltage V ab between points a and b in terms of the applied voltage 
V and the 4 resistances? 

(b.) (2 points) The variable resistor R3 is now adjusted so that Vab = 0. Solve for the unknown 
resistance R,, in terms of the 3 known values R1, R2 , and R3 • 

Assume that R1 = 100, R2 = 20!1, R3 = 300, and R.,, = 60!1. The EMF source (V) 
is disconnected and a capacitor is connected in its place. The capacitor is initially 
charged to a voltage of 1000 Volts. The capacitor voltage then decreases to 500 V 
in a time 10- 4 seconds after being connected to the circuit. Please give numerical 
answers to parts (c), (d), and (e) below. 

(c.) (2 points) What is the capacitance C in Farads? 

( d.) ( 2 points) What is the total energy in Joules that has been dissipated in the resistors 
during the 10-4 second time interval? 

(e.) (2 points) Compute the fraction of the total energy that is deposited in each of the 4 
resistors. 



Problem 5 – RC circuit 

 

 

 

 

 

 

 

 

 

 

 

 

Consider the RC circuit above. After both switches S1 and S2 have been closed for a long time, 
the electric circuit shown above carries a steady time independent current. Take C1 = 2 µF, C2 = 
6 µF, C3 = 4 µF, R1 = 2 kΩ and R2 = 9 kΩ. The power delivered to R1 is measured to be 4 W. 

 

(a) Find the current through the circuit. [1pt] 

(b)  Find the charges on C1, C2 and C3. [2pts] 

(c) Find the battery voltage. [1pt] 

(d) The switch S2 is now opened. How long does it take the current through R1 to decrease to 
1/e of its initial value? [2pts] 

(e) After waiting a long time such that no currents flow through the circuit anymore the 
switch S1 is also opened. What are the new charges across C1, C2 and C3 after the circuit 
has reached its new equilibrium? [2pts]  

 

 



Problem 4 

 

The figure below shows two capacitors in series, connected to a resistor R and a battery. The 
center conductor of length b is movable vertically so that the spacings d1 and d2 can be varied 
within the gap ‘a’ of the outer plates. The area (A) of each capacitor plate is the same. Initially, 
the switch S1 is closed and S2 open in order to bring the potential difference of the outer capacitor 
plates to V0.  

Express your answers to the following questions in terms of the variables given in the problem 
statement above.  

 

 

 

 

 

 

 

 

 

(a) Find an expression for the capacitance C of the series combination of the two capacitors 
and show that it is independent of position of the center conductor. [2pts]  

(b) What is the change density σ on the top plate when the capacitor is fully charged? [2pts]  

(c) What is the change in the energy stored in the capacitor if the center section is removed? 
[2pts] 

(d) Suppose that at the instant the center section is removed, we also remove the battery by 
opening S1 and closing S2. How long does it take for the voltage on the outer capacitor 
plates to drop to V0/2? [2pts]  

 



Solution- From Gauss 's law we know that at t = O in the region between the 
conductors the electric field \s ' ' 

- Qo. E(r) = ,r . 
r-

from Ohm's Law: 
- - CTQo J(r ) = oE(r ) = - ? f . r· 

To find the current we may integrate the fitL, of J through any spherical surface 
between the condu ct,ors: 

f - _ 2 aQo Q ] = J · da = 4r.r - , = 4 7i Cl O • r -

(b) (1 point) Use the result for I from part (a) and Ohm's Law to obtain an expression 
for the total resistance R between the two conductors in terms of a and C. 

Solution: By Ohm 's Law, R = \I/ I , where V is the difference in the electric 
potential ,;, between the conductors in the capaci tor . By the definiti on of the 
capacitance, V = Q /C. Therefore: 

R = Qo . _1 _ = _1 _ . 
C 4r.Q0o 4ToClC 

( c) ( 1 point) Draw an equh-alent circuit for the capacit,or / resistor combination. 

Solut ion: See Figure 4. 

(d) (2 points) Write a differential equation for the charge on the capaci tor. 

Solution · By Ohm 's Law and the definition of the capacitance: 

IR=V=g_ C ' 
where / is the current through the resistor. This current must be equal to mmus 
the time deri\'ative of the charge Q stored in the capacitor. T herefore· 

dQ Q - di = RC= 41raQ ' 

"ith the 1oiua.J condition t ba.t Q(t = O) = Q0 . 
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Figure 4· The system 1s equi ,a.lent t o a resistance R and a capacitance C conn ec ted 
together . T he capacitor "\\ill d tScharge through the resi.stor 

(e) (2 points) Solve for the charge on the capacitor as a function of t ime in terms of 
Qo and a . 

Solution : As ex-plai ned in Chapter 4 of the textbook , t he solut ion is 

Q(t ) = 

(f ) (1 point ) What is t he t,otal energy deposited tn the resistive material between the 
conductors, in terms of Qo and C 7 

S olution : As discussed in chapter 3 of the t ext 

u = ~cv 2 = Q~ . 
2 ° 2C 

(g) ( 1 point) The energy deposi ted per unit volume \"aries as a function of radius 
r between the conductors. Derive an expression for the energy deposited per wlit 
volume [ in terms of Qo and the radial coordinate r . 

Solution: Consider a spheri cal sh ell of resisti\"e material , "l"lith radius r and 
thickness lir . From part (a ) we know that the current passing through it must 
be I (t ) = 41iaQ(t) . The resistance of the shell is inversely propor tional to 
the conductance a, inversely prop ort ional to the cross-section A = 4r,r2, and 
proportional to the thickness lir. That is: 

R = __!!_ . 
41ir2a 

The energy per unit t ime (power) dissipated by the resist ive shell is 

dU , ( lir ) 4r,o-Q2(t) lir P(t ) = - = f· (t ) R = [47iaQ(t)]2 
· -

4 2 = 2 , dt 7ir r, r 

which implies that the total energy dissipat ed during the discharge is· 

100 d 4r.o Q2(t) lir u = t o • 
o r· 



To obi,ain t he energy Yolume densi ty [ we simply clivide this by the volume of 
th e spherical shell \I = 4 r.r2 or which !rives I 0 

100 o-Q2 (t) [ = dt--4 - . 
D T 

Now we may plug in the result for Q (t) from part (e) . The integration then 
gives: 

Anot her solution to this problem relies on the observation that, since no energy 
flows radially during the discharge, all of the energy deposited in a giYen shell 
of radius r must have originally been contained in that shell 's electrostatic fi eld . 
The volume densi ty of the energy stored in any electrostatic field is : 

Inside the capacitor the electric fi eld is initially given by: 

which implies that 

E2 (r ) = E(r) · E (r ) = Q5 
r4 

Therefore: 



,\ \\ l.•·a'..s tcnc Im I~•· LI a .-:,-,ire to measure th~ resi,..r.nce of an ll!LVlO"'Il rests,c.,r R, 
t.:. t• nns c;[ lhree known res,st8Jlces R,. [i 1 and a ,-.,:-1.~bl" resistor RJ Such a device 
i, shu"1l in th• c ,ag,ram below to ., tuch , ou ca.1 refer in ans-,.·ering the follov.i ng 
q•1est.on.:; 

(a) (2 points) \\bat is the voltage \,~ between points a and b b terms of the 
2.pplied voltage V a.rid the resistances? 
Solut io n: ..\ppl),ing Ohm's la·•· to ea.ch branch . .. -e find the currents I i, and 13=· 

1· = I R.ff 
V 

112 = R1 + Ro 
\" 

and 11.: = R
3 
+ R: 

\,~. = v. - 1,; 
= (V -6V3) -(V - 6Vi) 
= 61'1 - ~v, 
= li2R1 - !3:R, 

=V(~-~) 
(b) (2 points) The variable resistor R3 is now adjt1Sted so that v .. = 0. Solve fo r 

the unkno"'!l resistance R: in terms of the 3 known va lues R1, R, , and R;. 
Solutio n: 

Assume that R1 = 10!1, R1 = 20!1, R, = 30!1, and R: = 60!1 The Ei\IF source (V) 
is disconnected and a capacitor is connected in its place. The capac.itor is initially 
charged to a voltage of 1000 Volts. The capacitor voltage then decreases to 500 V 
in a time 10-• seconds after bei.!lg connected to the circuit . Please give numerical 



Solutio n: First we find the fo r the circuit. Csing the series and parallel 
addition rules, we get. 

1 1 1 -=--- +---
Ri + R2 R3 + Rx 

Reif = 22.5 n 
Since we know the solution to the RC circuit , we know the voltage obeys 

V (t ) = Voe-t , / (RC) 

Given we know the time t 1 for the voltage to drop by half, we solve fo r C. 

1 _ = e-t ,/(RC) 
2 

t1 5 C= - - = 6 4 x 10- F Rln 2 . 

( d) (2 points) \Vhat is the total energy in Joules that has been dissipated in the 
resistors during the 10- 4 second time interval? 

Solution: All the energy lost in resistors has come from the energy stored in the 
capacitor. 

(e) (2 points) Compute the fraction of the total energy that is deposited in each 
of the 4 resistors. 
Solution: Sirlce the potential difference across the branch 12 and 3x is always 
the same no matter how it drops with time, we know about the energy dissipated 
ratio E 1d E3x from P = V 2 

/ R, 

E 12 R3::: 
R12 
30 + 60 

= 10 + 20 
=3 



Similarly by considering branch 12 and branch 3x individually \\i th P = 12 R, 

E2 Il2R2 
E1 lr2R1 

R2 
Ri 

= 2 
E,, Il.~ 
£3 = I f.R3 

R,, 
R3 

=2 

Therefore, we can compute the fraction of the total energy deposited , 



Problem 5 Solution:
a) If the current is time independent the charges on the capacitors are constant and
no current flows to them. We can then forget about the capacitors for a second and
consider the circuit consisting only of the EMF going to S1 to R1 to S2 to R2 and
back to the EMF. A constant current I flows through this circuit. The power across
the 1st resistor is 4W. We can deduce that

P = IV = I2R = I2 ∗ (2 ∗ 103)→ I =

√
4

2 ∗ 103
= .045A. (1)

b) Denote the charges on the three capacitors Q1, Q2, Q3. We can use Kirchoff loops
to calculate the charge on each capacitor. S1 is closed so the kirchoff loop around
S1 and C2 implies no charge can exist on C2 since V2 = Q2

C2
= 0. So

Q2 = 0. (2)

Making a Kirchoff loop around C1, C2 and R1 gives

Q1

C1

− IR1 = 0 (3)

which implies

Q1 = IC1R1 = .045(2 ∗ 10−6)(2 ∗ 103) = 1.79 ∗ 10−4C. (4)

To find Q3 we make a kirchoff loop around the lower box. Following the procedure
for Q1 we get

Q3 = IC3R2 = .045(4 ∗ 10−6)(9 ∗ 103) = 1.609 ∗ 10−3C. (5)

c) Denote the emf voltage by ε. We can make a loop following the current path to
get

ε− IR1 − IR2 = 0→ ε = I(R1 +R2) = .045 ∗ (2 + 9) ∗ 103 = 491.7V. (6)

d) Note that if S2 is open all of the current passing through R1 has to pass either
to or from C3. We can then formulate a differential equation for this current using
Kirchoff’s loop law:

ε− iR1 −
Q

C3

= 0 (7)

1



where the current i = dQ
dt

is now time dependent. Differentiating 7 we find

di

dt
= − i

R1C3

. (8)

The solutions to this is

i = i0e
− t

R1C3 (9)

where i0 = I from part a). We can immediately see that at time

t = R1C3 = (2 ∗ 103) ∗ (4 ∗ 10−6) = 8 ∗ 10−3s (10)

the current reduces to 1
e

of its original value.
e) We can calculate the charge on C3 before S1 is opened by making a kirchoff loop
passing from the EMF to R1 to C3 and back to the EMF:

ε− (0) ∗R1 −
Q3

C3

= 0→ Q3 = εC3 = 491.7 ∗ 4 ∗ 10−6 = 1.9668 ∗ 10−3C. (11)

If no current is flowing between C2 and C3 the resistor plays no role and can be
eliminated from the analysis. By Kirchoff’s loop law

ε− Q2

C2

− Q3

C3

= 0. (12)

This implies

Q2

6 ∗ 10−6
+

Q3

4 ∗ 10−6
= 491.7. (13)

Note that when S1 is opened the total charge that is on the negative plate of C2

and the positive plate of C3 has to sum to the charge on the positive plate of C3

right before S1 was flipped by charge conservation (now that the switch is flipped,
the charge has nowhere else to go). We then have

−Q2 +Q3 = 1.9668 ∗ 10−3. (14)

This system of equations can be solved to find

Q2 = 0 and Q3 = 1.967 ∗ 10−3C. (15)

The charge across C1 is easy to find by realizing the current through R2 is zero and
by using a Kirchoff loop:

Q1 = C1V1 = C1 ∗ ε = 2 ∗ 10−6 ∗ 491.7 = 9.834 ∗ 10−4C. (16)
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